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We study the electronic contribution to the thermal conductivity and the thermopower of Weyl and Dirac
semimetals using a semiclassical Boltzmann approach. We investigate the effect of various relaxation processes
including disorder and interactions on the thermoelectric properties, and also consider doping away from the
Weyl or Dirac point. We find that the thermal conductivity and thermopower have an interesting dependence
on the chemical potential that is characteristic of the linear electronic dispersion, and that the electron-electron
interactions modify the Lorenz number. For the interacting system, we also use the Kubo formalism to obtain
the transport coefficients. We find exact agreement between the Kubo and Boltzmann approaches at high tem-
peratures. We also consider the effect of electric and magnetic fields on the thermal conductivity in various
orientations with respect to the temperature gradient. Notably, when the temperature gradient and magnetic
field are parallel, we find a large contribution to the longitudinal thermal conductivity that is quadratic in the
magnetic field strength, similar to the magnetic field dependence of the longitudinal electrical conductivity due
to the presence of the chiral anomaly when no thermal gradient is present.
PACS numbers: 71.10.-w,71.20.-b,72.15.Jf
I. INTRODUCTION
Dirac and Weyl semimetals have enjoyed a surge of inter-
est since the prediction of their existence at the phase transi-
tion between a three-dimensional topological insulator1 and
a normal insulator,2 and in pyrochlore iridates,3 respectively.
Dirac (Weyl) semimetals have linearly dispersing excitations
[which obey the Dirac (Weyl) equation] from degenerate band
touching points referred to as Dirac (Weyl) nodes. The elec-
tronic states around the band degeneracy points possess a non-
zero Berry curvature,4 which gives rise to non-trivial momen-
tum space topology. Weyl nodes are separated in momen-
tum space, always come in pairs of opposite chirality,5 and
act like magnetic monopoles in momentum space with quan-
tized Berry flux. Because the two touching bands must be
expressed locally in momentum space in terms of the com-
plete basis of Pauli matrices, there is no perturbation that can
be added to open a gap; the momentum space location of the
Weyl point only shifts slightly, leading to a “topologically pro-
tected” metallic phase. Dirac semimetals can be thought of as
two Weyl nodes of different chirality not separated in momen-
tum space. Dirac points can be protected by symmetry, but
are generally unstable compared to the Weyl semimetal.6
Other topological aspects of Weyl semimetals include the
chiral (or Adler-Bell-Jackiw) anomaly,7,8 chiral magnetic
effect,9,10 and edge states referred to as Fermi arcs.3,11–16 We
now briefly describe these topological effects. When paral-
lel electric and magnetic fields are applied, the axial current
(difference between currents of different chirality) is not con-
served. The chiral anomaly is the mathematical statement that
the number of particles with a given chirality is not conserved.
Recent attempts to find a theoretical description of an exper-
imental smoking gun signature of the chiral anomaly include
predictions for optical phenomena,17–21 density response,22
electromagnetic response,23 and non-local transport.24 If a
pair of Weyl nodes have band touching points at different
energies, a chiral magnetic effect – the separation of elec-
tric charge along the direction of an external magnetic field –
occurs.9,10 One interesting application of the chiral magnetic
effect is chiral electronics, which refers to circuits with ele-
ments that take advantage of the chiral current that arises due
to the external magnetic field.25 Such systems have been pro-
posed as quantum amplifiers of magnetic fields. Finally, Weyl
semimetals possess Fermi arcs on certain physical edges of a
crystal13 that can give rise to novel structure in Friedel oscilla-
tions in thin-film systems.11,14 For an overview of the physics
of Weyl semimetals from a condensed matter perspective, see
the reviews by Turner and Vishwanath,26 and Hosur and Qi.27
There is compelling experimental evidence for the Dirac
semimetal phase in Na3Bi,28,29 and Cd3As2.30–33 Numeri-
cal calculations predict the phase also to occur in A3Bi,
where A = K,Rb,34 and in BiO2.6 Starting from a Dirac
semimetal, it is possible to obtain a Weyl semimetal phase
by breaking time reversal or inversion symmetry.32,35–39 The
minimum number of Weyl nodes for time reversal (in-
version) symmetry broken realizations of Weyl semimet-
als is 2 (4). The Weyl semimetal phase has also been
predicted to appear in a wide range of materials in addi-
tion to the previously mentioned pyrochlore iridates.3,40–43
These include: stacked layers of three dimensional topolog-
ical insulators and normal insulators,44 ferromagnetic com-
pounds such as HgCr2Se4,45 Hg1−x−yCdxMnyTe wells,46 gy-
roid photonic crystals,47 orbital-selective superlattices,48 op-
tical lattices,49 and Fulde-Ferrell superfluids.50 Interesting
phases that can be induced from Weyl semimetals by interac-
tions include excitonic phases,51 superconductivity,52,53 spin
density waves,54 charge density waves and axion strings.55,56
Other phases closely related to Weyl semimetals include
the line-node semimetal,57 Weyl superconductors,58–60 Weyl
semimetals with Z2 topological charge,61 and fractionalized
Weyl semimetals.62,63
There has been much work on the electrical transport prop-
erties of Dirac and Weyl semimetals,5,57,64–80 with a particu-
lar focus on the case when the Fermi energy lies at the Dirac
or Weyl node. One of the possible fingerprints of the chiral
anomaly, first pointed out by Nielsen and Ninomiya,5 is neg-
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2ative longitudinal magnetoresistance (decreasing longitudinal
resistance with increasing magnetic field). Negative magne-
toresistance has already been observed in a Dirac semimetal
with broken time reversal symmetry, suggesting a possible
Weyl semimetal phase.81 Another interesting transport feature
of Weyl semimetals is that the anomalous Hall conductivity
depends linearly on the distance in momentum space between
Weyl nodes,44 whereas it vanishes for Dirac semimetals.
In this paper we investigate the electronic contribution
to the thermal conductivity and thermopower of Dirac and
Weyl semimetals. We use the Boltzmann equation to ana-
lytically calculate the thermoelectric coefficients for various
relaxation processes including short-range disorder, scatter-
ing off charged impurities, which also change the Fermi en-
ergy of the system, and electron-electron interactions. For
electrical transport in Weyl semimetals, the Boltzmann ap-
proach equation is in good agreement with other theoretical
approaches such as the Kubo formula and the quantum Boltz-
mann equation. For example, (ignoring rare region effects79)
the Boltzmann equation and the Kubo formula give the same
result for the electrical conductivity in disordered systems in
the dc limit.57,66 Furthermore, the Boltzmann equation gives
exactly the same rate of change of the number of particles
of a given chirality as relativistic quantum field theories.82
A Boltzmann equation approach has also proved useful for
understanding transport in graphene,83 which may serve as a
two-dimensional analog, in some respects, to a Weyl or Dirac
semimetal.
For the relaxation processes we considered, there is an in-
teresting dependence of the thermal conductivity and ther-
mopower on the Fermi level due to the relativistic dispersion
relation. These results are summarized in Table I. When the
relaxation processes are dominated by interactions, we also
find an interesting quadratic temperature dependence for the
thermal conductivity compared to a linear temperature depen-
dence when scattering is dominated by charged impurities or
disorder. We also investigate the effect of electric and mag-
netic fields on the thermoelectric coefficients. In the absence
of an electric field, we find that for a magnetic field perpen-
dicular to the temperature gradient the transverse thermal con-
ductivity is linear in magnetic field strength (for small fields)
and the longitudinal thermal conductivity has a quadratic field
dependence that decreases the magnitude of the thermal con-
ductivity. When the magnetic field is parallel to the tempera-
ture gradient we find a quadratic magnetic field dependence
for the longitudinal thermal conductivity that increases its
magnitude and zero transverse thermal conductivity. When
electric fields are present, we find no additional transport
terms compared to all situations in which it is zero (essen-
tially resulting from the assumption of linear response), due
to the cancellation of terms with different chirality. The re-
sults for the thermal conductivity in the presence of electric
and magnetic fields is summarized in Table II and should be
helpful in identifying three-dimensional systems with Dirac
and Weyl points. We also calculate thermoelectric coefficients
via the Kubo formula and compare our results obtained from
the Boltzmann equation and find exact agreement between the
two approaches at high temperatures.
Our paper is organized as follows. In Sec. II, we solve the
Boltzmann equation to obtain transport coefficients for vari-
ous relaxation processes including electron-electron interac-
tions, charged impurities which also change the Fermi energy,
and short-range disorder. In Sec. III, we investigate the ef-
fect of electric and magnetic fields on thermoelectric transport
properties. In Sec. IV, for the case of interacting electrons, we
use the Kubo formula to calculate thermoelectric transport co-
efficients and compare to results obtained from the semiclas-
sical approach. Finally, in Sec. V, we present the main con-
clusions of our paper. A few technical results are relegated to
the appendices.
II. THERMOELECTRIC TRANSPORT COEFFICIENTS
A. Formalism and Anomalous Transport
In this section we investigate the electronic contributions to
the thermal conductivity and thermopower in the absence of
a magnetic field of a single Weyl node, with a given chirality,
described by the following Hamiltonian
H = χ~v f ~σ · ~k, (1)
where χ is the chirality that takes values of ± 1, v f is the Fermi
velocity, ~σ = {σx, σy, σz} is a vector of Pauli matrices, and ~k
is the wavevector. Our fundamental physical conclusions are
not changed if the velocity is different in different directions,
though asymmetric transport properties will result. To gener-
alize to an arbitrary number of Weyl nodes, one simply adds
the conductivity for each node together, provided one is able
to ignore inter-node scattering which may open a gap.79 If the
Fourier component of the scattering potential is “small” at the
wave vector connecting the nodes, this can be safely done.
While disorder may gap a Dirac node (two Weyl nodes “on
top” of each other), if the Fermi energy is larger than the gap
induced in the node the system will remain metallic with an
approximately linear dispersion. We will assume this is the
case throughout this work. For relaxation through electron-
electron interactions, zero wave vector scattering is insensi-
tive to chirality66 and as such, our results for electron-electron
interactions apply to both Dirac and Weyl semimetals. To ob-
tain the thermoelectric coefficients for a single Dirac node,
one must add the results of two Weyl nodes with opposite chi-
rality together.
In our work, we ignore contributions to the thermoelectric
coefficients from phonons, which are expected to dominate
thermal transport above the Debye temperature.84 In this sit-
uation, one would add the phonon (or even magnon) contri-
butions to the electronic one to find the total thermal conduc-
tivity. For pyrochlore iridates, the first material predicted to
host a Weyl semimetal phase, changing the rare-earth element
will have little effect on the Debye temperature. Representa-
tive values are 420 K for Eu2Ir207,85 and 400K for Y2Ir207.86
These temperatures should be compared to the magnetic or-
dering temperature, which is on the order of 120 K for py-
rochlore iridates.43 Hence, there is a large separation of the
3characteristic energy scales for magnetism and phonons, im-
plying that the coupling between them is not too strong (oth-
erwise, one would expect them to be more comparable in
magnitude). Moreover, in the pyrochlore iridates, the mag-
netism is crucial to the Weyl phase itself because one must
break either inversion symmetry or time-reversal symmetry,
and the former is preserved in the absence of magnetism. Fur-
thermore, the theoretical description of the Weyl phase as-
sumes that magnetic fluctuations are not too strong, imply-
ing that our description of the thermal transport should ap-
ply at temperature sufficiently low that they can be ignored.
This condition restricts the validity of our treatment to be
somewhat below the magnetic ordering temperature, which
is itself significantly below the Debye temperature. Thus,
phonons should have little effect on thermal transport in the
Weyl semimetal phase of the pyrochlore iridates. Generically,
we expect electron-phonon interactions to give rise to a small
correction to the electronic contributions to the thermal con-
ductivity given the relatively large difference between the De-
bye temperature and the magnetic ordering temperature seen
in most materials.43,84–86 On the other hand, electron-phonon
interactions can have other interesting effects, such as leading
to the appearance of a Weyl semimetal at non-zero tempera-
tures from material that is an insulator at zero temperature.87
For systems when the Debye temperature and magnetic or-
dering temperature are comparable, the arguments above may
not hold. We leave a detailed consideration of that situation to
other work.
We now introduce the formalism for our semi-classical
Boltzmann equation approach. In terms of the notation of
Refs. [84] and [88], the electrical current for a given chirality
χ of a single Weyl node is
~Jχ = −e
∫
d3k
(2pi)3
(
~v +
e
~
~E × ~Ωχ
)
f χ +
~∇T
T
×
(
e
~
∫
d3k
(2pi)3
~Ωχ{( − µ) feq + kBT log(1 + e−β(−µχ))}
)
,
(2)
where e is the electrical charge, ~ is Planck’s constant divided
by 2pi, µ is the chemical potential,  = ~v f k is the dispersion
for quasiparticles with wavenumber k, ~v = ∇~k is the semi-
classical velocity, ~E is the electric field, β = 1kBT , where kB
is the Boltzmann constant and T is the temperature, feq is the
Fermi-Dirac distribution, and f χ is the quantum distribution
function of the system that must be computed from the Boltz-
mann equation given below. ~Ωχ = ~∇k × ~Aχk is the Berry cur-
vature and ~Aχk = i〈uχk |~∇k |uχk 〉 is the Berry connection with the
Bloch eigenstate |uχk 〉. The Berry curvature is proportional to
χ, so carries an opposite sign for Weyl nodes of opposite chi-
rality and is therefore zero for a Dirac node. For simplicity,
the chemical potential is assumed to be the same for all nodes.
The second term in Eq. (2) gives rise to the anomalous
Nernst effect (non-zero transverse electric field in the absence
of a magnetic field) and arises due to the finite spread of the
wave packet.88 From Refs. [84], [88] and [89], the thermal
current is
~Jχq = ~J
χ
E − µ ~Jχ =
∫
d3k
(2pi)3
( − µ)∂
∂~k
f χ
+
∫
d3k
(2pi)3
(
~E × e
~
~Ωχ{( − µ) feq + kBT log(1 + e−β(−µ))}
)
+
~∇T
T
× e
~
∫
d3k
(2pi)3
~Ωχ( − µ)2 feq,
(3)
where ~JχE =
∫
d3k
(2pi)3 f ~v is the energy current. The first term is
the standard expression for energy current in the absence of
Berry curvature.84 As before, the second term in Eq. (3) arises
from the finite size spread of the wave-packet and gives rise
to a transverse thermal current from the external electric field
due to Berry curvature.88 The last term in Eq. (3) gives rise to
the anomalous thermal Hall effect (transverse thermal current
from thermal gradient due to Berry curvature).89 The results
for the anomalous Nernst and anomalous thermal Hall effect
apply also for interacting systems.90 Alternatively, one could
obtain these results by adding a pseudo-gravitational potential
which acts like a temperature gradient.89,91
We obtain f χ by solving the Boltzmann equation,84,88,89
which is given by (in the absence of magnetic fields, which
will be treated later)
∂ f χ
∂t
+ {(~v + e~E × ~Ωχ) · ~∇r f χ + e~E · ~∇k f χ} = Iχcoll, (4)
where Iχcoll is the collision integral at the Weyl node with chi-
rality χ. The temperature gradient (which we take to de-
fine the x-direction) and electric field are taken to be in the
x−direction, which allows us to drop the ~E × ~Ωχ term since
the spatial gradient of the distribution function is parallel to
the thermal gradient. We solve the Boltzmann equation, via
the relaxation time approximation,84 in which case the colli-
sion integral takes the form Iχcoll = − f
χ− feq
τ
, where τ(k) is the
intra-node scattering time. Following Ref. [84], we assume
the following steady-state solution for the distribution func-
tion
f χ = feq + τ((k))
(
−∂ feq
∂
)
~v ·
(
−e~E + (k) − µ
T
(−~∇T )
)
, (5)
valid in the linear response regime. From there, we can write
Jχα = L11αβEβ + L
12
αβ(−~∇βT ), (6)
Jχq,α = L21αβEβ + L
22
αβ(−~∇βT ), (7)
where α and β are spatial indices running over x, y, z, and
the set of L are the transport coefficients we are interested
in obtaining. We will focus on longitudinal transport first,
i.e., α = β. For transport along the electric field and ther-
mal gradient (for simplicity, we assume a uniform tempera-
ture gradient and electric field), we have L11xx = σxx = L0,
L21xx = TL
12
xx = −L1/e and L22xx = L2/e2T , where
Lα = e2
∫
d
(
−∂ f
χ
∂
)
τ()g()v2x( − µ)α, (8)
4where g() is the density of states, which (for Weyl and Dirac
semimetals when multiplied by a factor of 2) is given by
g() =
2
2pi2~3v3f
, (9)
and vx is given by
vx =
∂
∂(~kx)
= v f
kx
|~k|
. (10)
With knowledge of the Lα, we can calculate the thermal con-
ductivity (defined when no electrical current flows) as
κxx = L22xx − L21xx(L11xx)−1L12xx, (11)
and the Seebeck coefficient (or thermopower), which is given
by
S =
L12xx
L11xx
. (12)
This approach is valid as long as the quasiparticle energy is
much greater than the scattering rate. Longitudinal transport,
in the absence of a magnetic field, is independent of the chi-
rality since the χ dependence drops out of Eq.(8).
Before moving on to specific forms of the scattering time,
we briefly review results on transport transverse to the electric
field and temperature gradient. The presence of Berry curva-
ture introduces anomalous transport, i.e. transport in the trans-
verse direction of the electric field and/or temperature gradi-
ent. For anomalous transport at low temperatures we have,
from Ref. [88] and Ref. [89],
σαx = −εαxl e
2
~
∫
d3k
(2pi)3
Ω
χ
l feq, (13)
L12αx = TL
21
αx = −εαxl
1
T
e
~
∫
d3k
(2pi)3
Ω
χ
l ( − µ) feq, (14)
and
L22αx = −εαxl
1
T
1
~
∫
d3k
(2pi)3
Ω
χ
l ( − µ)2 feq, (15)
where α is either in the y or z direction and ε is the Levi-
Civita symbol. Einstein summation is assumed. As we see,
anomalous transport is determined only by the Berry curva-
ture and band structure, as opposed to longitudinal transport
which depends crucially on the details of the relaxation pro-
cess. The anomalous transport coefficients obey the Mott
relation L12αx =
pi2
3ekBT
∂σαx
∂µ
, and the Wiedemann-Franz law,
καx
Tσαx
= pi
2
3e2 k
2
B, at low temperatures.
88,89 For Weyl semimet-
als with only broken inversion symmetry, the anomalous Hall
terms vanish. This is because when one groups Weyl nodes
into pairs of opposite chirality, the resulting sum of the sepa-
ration vectors between Weyl nodes vanishes. In contrast, for
time-reversal symmetry broken realizations of Weyl semimet-
als, the anomalous Hall terms are non-zero.92 This offers a
way to distinguish between time reversal and inversion sym-
metry broken realizations of Weyl semimetals. The anoma-
lous electrical conductivity of time reversal symmetry broken
realizations of Weyl semimetals when the Fermi energy is at
the Weyl nodes has been studied in Ref. [44] and was found
to be
σαx = −εαxl e
2
h
∆kl
pi
, (16)
where ∆kl is the distance in momentum space between Weyl
nodes in the lth direction. This is because two-dimensional
slices of Brillouin zone perpendicular to the direction between
Weyl nodes are two-dimensional Chern insulators, which ex-
hibit a quantized Hall effect.44 In between these Weyl nodes,
the two-dimensional slices of the Brillouin zone have non-
trivial Chern number. Adding up the transverse conductivity
of each slice gives Eq. (16). When the Fermi energy is away
from the Weyl nodes, the same results hold for an unbounded
linear quasiparticle dispersion.93,94 Furthermore (again only
for unbounded linear dispersion), this result holds for finite
temperatures.95,96 In real materials one expects small non-
universal corrections to Eq. (16) due to band curvature effects.
Using the Mott relation and the Wiedemann-Franz law, we ob-
tain
L12αx = −
pi2
3e
kBT
∂σαx
∂µ
= 0, (17)
and
L22αx = −
pi
3h
k2BTεαxl∆kl. (18)
To our knowledge, Eq. (17) describing the Anomalous Nernst
Effect in Weyl semimetals, has not been previously obtained.
The thermal Hall effect, described by Eq. (18), was studied
in Ref. [93] from a field theory point-of-view where it was
found that the thermal Hall conductivity depends linearly on
the distance between Weyl nodes, in agreement with Eq. (18).
Anomalous transport vanishes for Dirac semimetals due to the
presence of time reversal symmetry57 and can vanish for Weyl
semimetals in systems with cubic symmetry.40
B. Charged Impurities
We first calculate the transport coefficients for scattering off
charged impurities, which lead to dopants in the band struc-
ture and move the Fermi level away from the nodal point. The
transport time was computed in the first Born approximation
in the work of Burkov, Hook, and Balents (BHB).57 They used
a screened Coulomb potential given by
V(q) =
4pie2
d(q2 + q2TF)
, (19)
where q2TF =
4pie2
d
g() is the Thomas-Fermi wave vector and
d is the background dielectric constant. We note that a more
accurate dielectric function with logarithmic corrections has
5been worked out in Ref. [97] by evaluating the polarization
bubble. However, in the following we will neglect those cor-
rections. BHB found the scattering time to be
1
τscreened()
=
4pi3ni~2v3f
32
f (α), (20)
where ni is the density of charged impurities and
f (α) =
3α2
pi2
{
(1 + α/pi)atanh
(
1
1 + α/pi
)
− 1
}
, (21)
where α = e
2
dv f
and is the ratio of Coulomb (potential) energy
to kinetic energy. We assume the charged impurities act as
donors, so that  f ∝ v f n1/3i . f (α) arises from using Fermi’s
golden rule to calculate the transport time. Physically it mea-
sures the strength of the interaction between electrons and the
charge impurities. Our approach is valid when f (α) and α is
small (which is simply the condition that the inverse transport
time be less than the Fermi energy) and ni > 0. In the limit
of small α, f (α) ≈ 3α22pi2 ln(α−1). Using Eq. (20) as the scatter-
ing time, and evaluating the integral in Eq. (8) (e.g. using the
Sommerfeld expansion), we find
σxx =
e2 f
8pi5v f ~2 f (α)
1 + 2pi2 (kBT f
)2
+
7pi4
15
(
kBT
 f
)4 , (22)
L12xx = −
ek2BT
6pi3~2v f f (α)
1 + 7pi25
(
kBT
 f
)2 , (23)
L22xx =
k2BT  f
24pi3~2v f f (α)
1 + 42pi25
(
kBT
 f
)2
+
31pi4
7
(
kBT
 f
)4 ,
(24)
S = −4pi
2
3
kB
e
kBT
 f
1 − 3pi25
(
kBT
 f
)2 , (25)
κxx =
k2BT  f
24pi3~2v f f (α)
1 + 46pi215
(
kBT
 f
)2 , (26)
keeping only the lowest correction to S and κxx. When kBT 
 f , the Wiedemann-Franz law holds.
C. Electron-Electron Interactions
If the concentration of charged impurities approaches zero,
the Fermi energy will approach the Weyl node. In this limit,
we no longer expect scattering off charged impurities to dom-
inate the transport properties due to absence of charged impu-
rities to scatter electrons. At neutrality (and assuming there
are no impurities present to dope the system), one instead
expects electron-electron interactions to dominate relaxation
processes due to the weak screening of the Coulomb interac-
tion near the Fermi point, similar to graphene.98 This situa-
tion is in contrast to normal metals, i.e. Fermi liquids, where
electron-electron interactions do not provide an efficient re-
laxation method even if they are strong.84 Near a Weyl point
the only energy scale is the temperature, so the self energy is
expected to be proportional to the temperature.57,66 Thus, as
pointed out in Ref. [66] and by BHB, the inverse scattering
time for electron-electron interactions (when 0 ≤ µ < kBT ) is
(up to log corrections),
1
τe−e
= 2ImΣ =
1
A
α2T, (27)
where A is a proportionality constant. We note for µ >
kBT , the self-energy is proportional to the energy of the
quasi-particle, not the temperature.57 The relaxation time for
electron-electron interactions can also be worked out explic-
itly from field theoretical methods, as was done in Ref. [99].
Using Eq. (27) as the scattering time, and evaluating the inte-
gral in Eq. (8), we find
σxx =
Ae2k2BT
18α2~3v f
1 + 3pi2
(
 f
kBT
)2 , (28)
L12xx = −
Aek2B f
9α2~3v f
, (29)
L22xx =
Ak4BT
2
90α2~3v f
7pi2 + 5 (  fkBT
)2 , (30)
S = −2kB
e
 f
kBT
1 − 3pi2
(
 f
kBT
)2 , (31)
κxx =
Ak4BT
2
90α2~3v f
7pi2 − 15 (  fkBT
)2 . (32)
Again we keep only the lowest correction to S and κxx. When
interactions dominate transport, the Wiedemann-Franz law is
modified and we have (for  f  kBT )
κxx
σxxT
=
7pi2k2B
5e2
, (33)
which amounts to a change in the numerical prefactor.
A similar modification of the Wiedemann-Franz law oc-
curs in graphene, where it has recently been experimentally
verified.100 In Fermi liquids, however, interactions do not
change the value of the prefactor.101 We also note that the ex-
act ratio of thermal conductivity and electrical conductivity is
hard to experimentally determine due to the contact resistance.
D. Short-Range Disorder
We finish with the case of short range disorder, which is
less realistic for Weyl and Dirac semimetals because the rel-
atively poor screening of charged impurities (the most likely
type) will lead to longer-range potentials. Nevertheless, it is
useful to investigate the predictions for the thermal properties
in this case for purposes of comparison. We ignore rare region
effects,79 which give rise to a exponentially small density of
states at the Weyl node. Again, the scattering time was calcu-
lated in the first Born approximation, which is valid for weak
6disorder, by BHB using the following short range potential for
disorder
V(r) =
∑
a
u0δ(r − ra), (34)
where ra label the impurity positions and u0 is the strength of
the zero-range impurity potential. BHB found the scattering
time to be given by
1
τdisorder
= 2piγg(), (35)
where γ = u20nd and nd is the concentration of impurities.
Ref. [102] noted that this was the state lifetime and including
vertex corrections introduces a factor of 32 between the state
lifetime and the transport time, i.e. τtr = 32τ. In this section,
we use the transport time to obtain the thermoelectric coeffi-
cients. One expects disorder to dominate near the Weyl point,
at high temperatures, in which case the energy  = kBT . Since
the total scattering rate goes as 1/τtotal = 1/τe−e + 1/τdisorder,
the condition for disorder to dominate the relaxation process
is 1/τdisorder  1/τe−e, or τdisorderτe−e =
pi~3v3fα
2
Andu20kB
1
kBT
 1.
Using Eq. (35) (and taking into account vertex corrections)
for the relaxation time, and evaluating the integral in Eq. (8),
we find
σxx =
e2v2f
2γh
, (36)
L12xx = 0, (37)
L22xx =
pi2v2f kB
6γh
kBT, (38)
S = 0, (39)
κxx =
pi2v2f kB
6γh
kBT. (40)
Note that L12xx and the thermopower S are zero due to the inte-
grand in Eq. (8) being odd. We stress that this is a consequnce
of using the first Born approximation, not a physical result. In
Appendix A, we use the results of Ref. [102] from the self-
consistent Born approximation to estimate the lowest order
corrections to the scattering time and find
τdisorder =
3
2
1
2piγg()
1 + 516pi2 γ2~6v6f 2
 . (41)
Evaluating the integral in Eq. (8) for these corrections, we find
L12xx = −
5
96pi
eγkB
v4f ~
7
kBT  f , (42)
S = − 5
24
γ2
v6f ~
6
kB
e
kBT  f (43)
to lowest order in disorder strength. As in the case of relax-
ation due to charged impurities, the Wiedemann-Franz law
holds for relaxation due to weak short-range disorder. We
note that for strong disorder, there is a crossover to diffusive
behavior.69,76 The transition to diffusive behavior is beyond
the scope of this paper and cannot be captured within the first
Born approximation.
E. Comparison of Results
Before studying the effect of magnetic and electric fields
on the thermal transport, we briefly compare our zero-field re-
sults to each other and contrast our results with other phases
of matter that do not possess the three-dimensional linear dis-
persion. First, the temperature dependence of the thermal
conductivity and thermopower can be the same with respect
to different scattering processes (for kBT
 f
 1). As an ex-
plicit example of this, we see that the thermal conductivity
due to scattering off charged impurities has the same linear
temperature dependence as scattering off short-range disorder.
However, for scattering rates that are independent of the tem-
perature, most common band structures, including quadratic
band structures, will have the same linear temperature de-
pendence, so this feature does not serve as an identifier of a
Weyl or Dirac semimetal.84 Experimentally investigating the
transport coefficients as a function of the Fermi energy (per-
haps through gating a sample), would provide a clearer ex-
perimental signature of the Dirac or Weyl semimetal, com-
pared to measuring the temperature dependence. Measuring
just the longitudinal thermoelectric coefficients, would not al-
low one to distinguish between a Weyl or Dirac semimetal.
We note that the quadratic temperature dependence of ther-
mal conductivity is interesting when electron-electron interac-
tion dominates relaxation processes since the scattering time
then depends on the temperature. One experimental feature
to look for in a three-dimensional system with linear elec-
tronic dispersion would be a crossover in the temperature de-
pendence of the thermal conductivity from quadratic to linear
upon adding/removing charged impurities (dopants) or disor-
der.
Of course, in real materials transport will be determined by
a mix of all scattering processes, and we expect Matthiessen’s
rule, 1/τtotal =
∑
i 1/τi where τi are the rates from differ-
ent scattering processes, to apply,84 assuming these scattering
processes can be treated as independent. We now discuss the
regimes of validity for each scattering process. We begin with
a clean Weyl semimetal with the Fermi level at the Weyl node,
in which case the transport is determined by electron-electron
interactions. We then imagine adding charged impurities,
which change the Fermi energy. We can find the condition for
scattering off charged impurities to dominate transport due to
electron-electron interactions by comparing inverse scattering
rates (assuming a Fermi energy away from the nodal point):
τscreened/τe−e ∼ 
2
f T
ni
 1, which occurs at low temperatures.
We now imagine adding short-range (uncharged) disorder to
the system. Again comparing inverse scattering rates, scatter-
ing from short range impurities will dominate transport when
τdisorder/τe−e  1 and when τdisorder/τscreened  1. This re-
quires high enough temperatures to neglect electron-electron
7Relaxation Method σxx L12xx L
22
xx S κxx
Charged Impurities e
2 f
8pi5v f ~2 f (α)
− ek2BT6pi3~2v f f (α)
k2BT  f
24pi3~2v f f (α)
− 4pi23 kBe ( kBT f )
k2BT  f
24pi3~2v f f (α)
Electron-Electron Interactions
Ae2k2BT
18α2~3v f
− Aek2B f9α2~3v f
7pi2Ak4BT
2
90α2~3v f
−2 kBe (
 f
kBT
)
7pi2Ak4BT
2
90α2~3v f
Short-Range Disorder
e2v2f
2γh − 596pi eγkBv4f ~7 kBT  f
piv2f
6γh kBT − 524 γ
2
v6f ~
6
kB
e kBT  f
piv2f
6γh kBT
TABLE I. Transport coefficients for various relaxation methods, in the absence of magnetic and electric fields. All variables and regimes of
validity are given in the main text. The electrical conductivities σxx were, up to numerical factors, previously obtained in Ref. [57].
scattering, but also the condition
~6v6f ni
u20nd
4
f
f (α)  1. The results
for the three regimes are summarized in Table I.
III. THERMOELECTRIC TRANSPORT COEFFICIENTS
IN ELECTRIC AND MAGNETIC FIELDS
In the presence of magnetic and electric fields, transport
properties acquire modifications due to the Berry phase.103
A modified Boltzmann equation, which takes into account
the chiral anomaly has been developed in several recent
works.82,104–106 The chiral anomaly can be derived in sev-
eral ways, including from the four-dimensional quantum Hall
effect.107 It can be treated mathematically by explicitly insert-
ing a space-time dependent θ-term in the action that couples
electric and magnetic fields.108 The Boltzmann equation for a
single Weyl node (for a given chirality) is given by(
∂
∂t
+ ~˙rχ · ~∇r + ~˙pχ · ~∇p
)
f χ = Iχcoll (44)
where the modified semiclassical equations of motion are106
~˙rχ =
(
1 +
e
c
~B · ~Ωχ
)−1 [
~v + e~E × ~Ωχ + e
c
(
~Ωχ · ~v
)
~B
]
, (45)
~˙pχ =
(
1 +
e
c
~B · ~Ωχ
)−1 [
e~E +
e
c
~v × ~B + e
2
c
(
~E · ~B
)
~Ωχ
]
, (46)
where ~B is the magnetic field and c is the speed of light. Plug-
ging the modified semiclassical equations of motion (which
include the Berry phases associated with the Weyl points) in
the Boltzmann equation and using the relaxation time approxi-
mation for the collision integral, Iχcoll = − f
χ− feq
τ
− f χ− f −χ
τs
, where
τs is inter-node scattering time and τ is the intra-node scatter-
ing time as before, gives
∂ f χ
∂t
+
(
1 +
e
c
~B · ~Ωχ
)−1 {(
~v + e~E × ~Ωχ + e
c
(
~Ωχ · ~v
)
~B
)
· ~∇r f χ +
(
e~E +
e
c
~v × ~B + e
2
c
(
~E · ~B
)
~Ωχ
)
· ~∇p f χ
}
= − f
χ − feq
τ
− f
χ − f −χ
τs
. (47)
For simplicity, we neglect internode scattering, i.e. τs → ∞, and treat the intranode scattering time τ as a phenomenological
parameter. We limit ourselves to two Weyl nodes, but it is a straightforward generalization to more nodes, as the nodes contribute
additively. The additive effect when a magnetic field is present, is the cancellation of some terms due to opposite chirality. The
magnetic field modifies the distance and direction between Weyl nodes, and the Berry curvature is proportional to109
~Ωχ ∝ χ pˆ|~p − gχ~B| , (48)
where g is the Lande´ g-factor and ~p = ~~k is the quasiparticle momentum. This approach is valid when the Fermi energy lies
away from the Weyl node, µ  kBT , and µ > ~ωc, where ωc = eBv
2
f
cµ is the cyclotron frequency.
109 In the presence of a magnetic
field at finite charge density, a Dirac semimetal becomes a Weyl semimetal,37 thus our approach applies to both Weyl and Dirac
semimetals, provided one can ignore inter-node scattering, as we discussed earlier. In our approach we treat the scattering
time as a phenomenological parameter, i.e. we set the quasi-particle energy that appears in the scattering time equal to the
chemical potential. Treating the scattering time as independent of quasi-particle energy is a valid assumption given that this
semiclassical treatment is only valid at large chemical potential and the scattering times considered earlier decrease when the
chemical potential increases. Stated more explicitly, whenever the scattering time appears, the integrand that determines the
transport coefficients is centered around µ with its width proportional to kBT (due to the term with the derivative of feq with
respect to energy).84 The scattering times we considered, which decrease rapidly with µ, do not change appreciably over this
82gB
B
—T
(a) ~∇T = ∇T xˆ, ~B = Bxˆ
2gB
B
ÑT
(b) ~∇T = ∇T xˆ, ~B = Bzˆ
FIG. 1. (color online) Illustration of two Weyl cones separated by 2gB in momentum space with various thermal gradients and magnetic field
orientations. The different color of the two nodes highlights the fact that each node has a definite chirality.
2gB
B
E
ÑT
(a) ~∇T = ∇T xˆ, ~B = Bxˆ, ~E = Ezˆ
2gB
B
E
ÑT
(b) ~∇T = ∇T xˆ, ~B = Bzˆ, ~E = Ezˆ
2gB
B
E
ÑT
(c) ~∇T = ∇T xˆ, ~B = Byˆ, ~E = Ezˆ
FIG. 2. (color online) Illustration of two Weyl cones separated by 2gB in momentum space with various thermal gradients and electric and
magnetic field orientations.
width given that our approach is only valid when µ  kBT . Thus, we are able to treat the scattering time phenomenologically.
We also note that for the scattering times considered earlier when µ > T are independent of temperature. We stress in our
model that the distance between the Weyl nodes is determined by the magnetic field. If the distance between the Weyl nodes
is determined by something other than the magnetic field (which happens in stacked layers of three dimensional topological
insulators and normal insulators44 for example), one expects the thermoelectric coefficients to have a different dependence on
the magnetic field. We now turn to a discussion of a few important special cases of Eq. (82) where the electric and magnetic
fields are applied along certain high-symmetry directions.
A. ~∇T = ∇T xˆ, ~B = Bxˆ, ~E = 0
We now consider the thermoelectric coefficients when the temperature gradient is parallel to the magnetic field and the electric
field is zero, as depicted in Fig. 1(a). In this case, the Boltzmann equation for a given chirality reads
∂ f χ
∂t
+
(
1 +
e
c
~B · ~Ωχ
)−1 {(
~v +
e
c
(
~Ωχ · ~v
)
~B
)
· ~∇r f χ +
(e
c
~v × ~B
)
· ~∇p f χ
}
= − f
χ − feq
τ
. (49)
Assuming steady state and linear response, the equation can be written{
1
τ
+
(
1 +
e
c
~B · ~Ωχ
)−1 eB
c
(
vz
∂
∂py
− vy ∂
∂pz
)}
f χ =
1
τ
feq −
(
1 +
e
c
~B · ~Ωχ
)−1 {
vx +
e
c
(
~Ωχ · ~v
)}
∇T ∂ feq
∂T
. (50)
Following Ref. [109], we assume the following Ansatz for the distribution function
f χ = feq −
(
1 +
e
c
~B · ~Ωχ
)−1
τ
(
vx∇T  − µT
(
−∂ feq
∂
)
+
e
c
(
~Ωχ · ~v
)
B∇T  − µ
T
(
−∂ feq
∂
))
+
(
−∂ feq
∂
)
~v · ~Λχ, (51)
9based off the structure of Eq. (50) and using ∂ feq
∂T =
−µ
T
(
− ∂ feq
∂
)
. Here ~Λχ represents a correction term due to the magnetic field.
Using the condition that the Boltzmann equation must hold for all values of ~v, we find the corrections Λχx = 0 and
Λ
χ
y = τ
eB
c
∇T −µT(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
[
Ω
χ
zωcτ −
(
1 +
e
c
~B · ~Ωχ
)−1
Ω
χ
yω
2
cτ
2
]
, (52)
Λ
χ
z = τ
eB
c
∇T −µT(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
[
−Ωχyωcτ −
(
1 +
e
c
~B · ~Ωχ
)−1
Ω
χ
zω
2
cτ
2
]
. (53)
We define the electrical current as in Eq. (2) and the heat current as in Eq. (3), where~v must now be replaced by
(
1 + ec ~B · ~Ωχ
)
~˙r,
where ~˙r is the modified semiclassical velocity given in Eq. (45), in order to take the effects of the chiral anomaly into account.
Specializing to transport along the direction of the temperature gradient, we find
Jχx = −e
∫
d3p
(2pi)3
(
1 +
e
c
~B · ~Ωχ
)
~˙r f χ = e
∫
d3p
(2pi)3
(
1 +
e
c
~B · ~Ωχ
)−1
τ
(
vx +
e
c
(
~Ωχ · ~v
)
B
)2
∇T  − µ
T
(
−∂ feq
∂
)
, (54)
Jχq,x =
∫
d3k
(2pi)3
( − µ)
(
1 +
e
c
~B · ~Ωχ
)
~˙r f χ = −
∫
d3k
(2pi)3
(
1 +
e
c
~B · ~Ωχ
)−1
τ
(
vx +
e
c
(
~Ωχ · ~v
)
B
)2
∇T ( − µ)
2
T
(
−∂ feq
∂
)
, (55)
which allows us to write down the expressions for L12xx and L
22
xx. Discarding the term linear in ~Ω
χ (and hence chirality) since it
will vanish when we sum over both nodes, noting ~Ωχ ∝ pˆ ∝ vˆ, and using v2x = v2f /3, we find
L12xx = −e
∫
d3p
(2pi)3
(
1 +
e
c
~B · ~Ωχ
)−1
τ
v2f
3
(
1 +
(eB
c
)2 ∣∣∣∣~Ωχ∣∣∣∣2)  − µT
(
−∂ feq
∂
)
, (56)
L22xx =
∫
d3p
(2pi)3
(
1 +
e
c
~B · ~Ωχ
)−1
τ
v2f
3
(
1 +
(eB
c
)2 ∣∣∣∣~Ωχ∣∣∣∣2) ( − µ)2T
(
−∂ feq
∂
)
. (57)
To calculate the electronic thermal conductivity, we also need the electrical conductivity σxx, or in other words L11xx. For the case
of perpendicular electric and magnetic fields, Ref. [109] found it to be
σxx = e2
∫
d3p
(2pi)3
(1+
e
c
~B·Ωχ)−1τ
(
−∂ feq
∂
) (
vx +
e
c
B~v · ~Ωχ
)2
= e2
∫
d3p
(2pi)3
(1+
e
c
~B·Ωχ)−1τ
(
−∂ feq
∂
) |~v|2
3
(
1 +
(eB
c
)2
|~Ωχ|2
)
. (58)
by a similar calculation. This can be explicitly seen by setting the temperature gradient to zero in Eq. (75). Assuming a smoothly
varying Berry phase, we can estimate this integral using a series expansion in B. There is a linear term proportional to Ωx, which
will vanish in the angular momentum integration, leaving the electrical conductivity for the two Weyl nodes as
σxx ≈ 2σxx(B = 0)
1 + (eBc
)2 v4f
µ4
 , (59)
so that the magnetic field leads to a positive contribution to the conductivity that goes as the square of the field. Here we have
used the fact that Ω ∝ 1
µ2
. Estimating the other transport coefficients in a similar matter, we can obtain the thermal conductivity,
which is written as a tensor84
κα,β = L22α,β − L12α,γσ−1γ,ρL21ρ,β. (60)
We find the longitudinal thermal conductivity to be
κxx(B) ≈ 2κxx(B = 0)
1 + (eBc
)2 v4f
µ4
 , (61)
which also has a similar additivity contribution going as the square of the magnetic field. We note the magnetic field dependent
correction is independent of the scattering time and temperature.
We briefly comment on the transverse thermal transport, κxy, when the temperature gradient and magnetic field are parallel.
As discussed earlier, we expect a term proportional to the distance between Weyl nodes due to the Berry curvature, given by
Eq. (18). For a magnetic field in the x-direction, this term is zero due to the Levi-Civita symbol. As pointed out in Ref. [109],
the contribution from the ~E · ~B term to σxy vanishes due to the cancellation of terms linear in chirality when both Weyl nodes
are added together. Thus, we expect the anomalous contribution from the ~∇T · ~B term to vanish for κxy given the structure of the
Boltzmann equation which treats the nodes as independent. This can be seen explicitly from Eqs. (52) and (53). Thus, in the
case of a parallel magnetic field and temperature gradient, κxy = 0.
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B. ~∇T = ∇T xˆ, ~B = Bzˆ, ~E = 0
We now consider the case where the magnetic field is perpendicular to the temperature gradient, while the electric field is still
zero (see Fig. 1(b)). The steady-state Boltzmann equation for a given chirality (after expanding out the cross product) reads(
1 +
e
c
~B · ~Ωχ
)−1 (
vx∇T  − µT
(
−∂ feq
∂
)
+
eB
c
(
vy
∂
∂py
f χ − vx ∂
∂px
f χ
))
= − f
χ − feq
τ
. (62)
Following Ref. [109] and the previous section, we assume the following solution for the Boltzmann equation
f χ = feq −
(
1 +
e
c
~B ·Ωχ
)−1
τvx∇T  − µT
(
−∂ feq
∂
)
+
(
−∂ feq
∂
)
~v · ~Λχ, (63)
After some algebra, we find
Λ
χ
x = τ∇T  − µT
(
1 + ec ~B · ~Ωχ
)−1
ω2cτ
2(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
, (64)
Λ
χ
y = τ∇T  − µT
ωcτ(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
, (65)
and Λχz = 0. Proceeding as in the previous section, we have
L12xx = −e
∫
d3p
(2pi)3
(
1 +
e
c
~B ·Ωχ
)−1
τvx
(
vx +
e
c
(
~Ωχ · ~v
)
B
)
∇T  − µ
T
1 − ω2cτ2(1 + ec ~B · ~Ωχ)2 + ω2cτ2

(
−∂ feq
∂
)
, (66)
L22xx =
∫
d3p
(2pi)3
(
1 +
e
c
~B ·Ωχ
)−1
τvx
(
vx +
e
c
(
~Ωχ · ~v
)
B
)
∇T ( − µ)
2
T
1 − ω2cτ2(1 + ec ~B · ~Ωχ)2 + ω2cτ2

(
−∂ feq
∂
)
. (67)
Again, we need the longitudinal electrical conductivity when electric and magnetic fields are perpendicular to find the thermal
conductivity. This was also calculated in Ref. [109], by solving the Boltzmann equation when the electric and magnetic field are
perpendicular and found to be
σxx = e2
∫
d3p
(2pi)3
(
1 +
e
c
~B ·Ωχ
)−1 (
−∂ feq
∂
)
τv2x
1
1 + ω
2
cτ2
(1+ ec ~B·~Ωχ)2
. (68)
To lowest order in magnetic field and summing over both chiralities, we can estimate the thermal conductivity as
κxx ≈ 2κxx(B = 0)
(
1 −
(
ω2cτ
2
))
, (69)
where we see that the thermal conductivity has the same dependence on the magnetic field as the electrical conductivity with
perpendicular electric and magnetic fields,109 but the sign is opposite, which leads to a decrease in the thermal conductivity.
The magnetic field dependence of thermal conductivity for perpendicular magnetic field and temperature gradient depends on
the specific form of scattering, whereas the magnetic field dependence of thermal conductivity when the two fields are parallel
does not. We emphasize that the thermal conductivity for perpendicular (parallel) magnetic field and thermal gradient decreases
(increases) upon increasing magnetic field. We also note that Eq. (69) is the typical response of a material without Berry
curvature and as such, is not unique to Dirac or Weyl semimetals.
We now investigate the transverse thermal transport. The transverse transport coefficients are given by
σxy = e2
∫
d3p
(2pi)3
(
1 +
e
c
~B · ~Ωχ
)−1
v2yτ
ωcτ(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
+
e2
~
∫
d3p
(2pi)3
Ω
χ
z feq, (70)
L12xy = e
∫
d3p
(2pi)3
(
1 +
e
c
~B · ~Ωχ
)−1
v2y( − µ)τ
ωcτ(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
+
1
T
e
~
∫
d3p
(2pi)3
Ω
χ
z ( − µ) feq, (71)
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L22xy =
∫
d3p
(2pi)3
(
1 +
e
c
~B · ~Ωχ
)−1
v2y
( − µ)2
T
τ
ωcτ(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
+
1
T
1
~
∫
d3p
(2pi)3
Ω
χ
z ( − µ)2 feq. (72)
The last term in Eq.(72) leads to the anomalous thermal Hall effect discussed earlier. To lowest order in magnetic field, we find
κxy for the two nodes to be
κxy(B) ≈ 2pi3hk
2
BTgB − 2κxx(B = 0)ωcτ, (73)
where we have used the fact that distance between Weyl nodes is 2gB in Eq. (18). We have ignored a small correction (for
kBT  µ) due to the tensorial structure of the thermal conductivity, Eq.(60), on the order of
(
kBT
µ
)2
. In this case, we see that
the anomalous thermal Hall conductivity is non-zero, as opposed to the case when the magnetic field and temperature gradient
are parallel. However both terms have the same dependence on magnetic field, and even the same temperature dependence
when longitudinal transport is dominated by disorder or charged impurities. Thus, to investigate the dependence of the thermal
conductivity on magnetic fields, one could vary the Fermi energy, either by gating or other means. The first term in Eq.(73)
does not depend on the Fermi energy, while the second will have some dependence on Fermi energy, the specific form of which
depends on the relaxation mechanisms that dominate τ. This feature could in principle be used to extract the first term, the
anomalous thermal Hall effect, by identifying the contribution to the transverse thermal conductivity that does not depend on the
value of the Fermi energy.
C. ~∇T = ∇T xˆ, ~B = Bxˆ, ~E = Exˆ
The most interesting case is when both electric and magnetic fields are present, and they are parallel to each other (see
Fig. 2(a)), giving rise to the chiral anomaly and its novel effects. We first consider the case when the temperature gradient is
parallel to the fields, in which case the Boltzmann equation in the relaxation time approximation becomes(
1 +
e
c
~B · ~Ωχ
)−1 [(
vx +
e
c
(
~Ωχ · ~v
)
B
)
∇T ∂ f
χ
∂T
+ eE
∂ f χ
∂px
+
e
c
vzB
∂ f χ
∂py
− e
c
vyB
∂ f χ
∂pz
+
e2
c
(
~E · ~B
)
~Ωχ · ~∇p f χ
]
= − f
χ − feq
τ
. (74)
Following Ref. [109], we assume the following Ansatz for the distribution function
f χ = feq −
(
1 +
e
c
~B · ~Ωχ
)−1
τ
(
eE
∂ feq
∂px
+
e2
c
(~E · ~B)~Ωχ · ~∇p feq + vx∇T ∂ feq
∂T
+
e
c
(
~Ωχ · ~v
)
B∇T ∂ feq
∂T
)
+
(
−∂ feq
∂
)
~v · ~Λχ. (75)
We find that the corrections Λχx = 0 and
Λ
χ
y = τ
eB
c
∇T −µT − eE(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
[
Ω
χ
zωcτ −
(
1 +
e
c
~B · ~Ωχ
)−1
Ω
χ
yω
2
cτ
2
]
, (76)
Λ
χ
z = τ
eB
c
∇T −µT − eE(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
[
−Ωχyωcτ −
(
1 +
e
c
~B · ~Ωχ
)−1
Ω
χ
zω
2
cτ
2
]
. (77)
Calculating κxx and κxy, we find that the presence of the electric field does not change the result previously obtained in Secs. III A
and III B, respectively. Physically, this is a result of the terms linear in chirality canceling out when summing over chiralities
and the assumption of linear response. Note that, if inter-nodal scattering cannot be neglected, this correction will generally be
non-zero, see. Ref. [109].
D. ~∇T = ∇T xˆ, ~B = Bzˆ, ~E = Ezˆ
When the temperature gradient is perpendicular to the electric and magnetic fields (see Fig. 2(b)), the Boltzmann equation
reads (
1 +
e
c
~B · ~Ωχ
)−1 [(
vx − eEΩχx
)
∇T ∂ f
χ
∂T
+ eE
∂ f χ
∂pz
+
e
c
vyB
∂ f χ
∂px
− e
c
vxB
∂ f χ
∂py
+
e2
c
(
~E · ~B
)
~Ωχ · ~∇p f χ
]
=
f χ − feq
τ
. (78)
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Coefficient ~∇T = ∇T xˆ, ~B = Bxˆ, ~E = 0 & ~E = Exˆ ~∇T = ∇T xˆ, ~B = Bzˆ, ~E = 0 & ~E = Ezˆ ~∇T = ∇T xˆ, ~B = Byˆ, ~E = Ezˆ
κxx 2κxx(B = 0)
(
1 +
(
eB
c
)2 v4f
µ4
)
. 2κxx(B = 0)
(
1 −
(
ω2cτ
2
))
2κxx(B = 0)
(
1 −
(
ω2cτ
2
))
κxy 0 2pi3h k
2
BTgB − 2κxx(B = 0)ωcτ 0
TABLE II. The thermal conductivity for various magnetic and electric field configurations. All variables and regimes of validity are given in
the main text.
We assume a solution
f χ = feq −
(
1 +
e
c
~B · ~Ωχ
)−1
τ
(
eE
∂ feq
∂pz
+
e2
c
EB~Ωχ · ~∇p feq + vx∇T ∂ feq
∂T
− eEΩχy∇T
∂ feq
∂T
)
+
(
−∂ feq
∂
)
~v · ~Λχ. (79)
It is easy to show that Λχz = 0 (again, assuming that internodal scattering can be neglected), but the other two components of ~Λ
are coupled. Following the solution method outlined in Ref. [109], we find
Λ
χ
x = −τe
2
c
EB
(
1 + ec ~B · ~Ωχ
)−1
ω2cτ
2Ω
χ
x − ωcτΩχy(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
+ χτ
∇T −µT e~E2vF p2ωcτ(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
+ τ
∇T −µT
(
1 + ec ~B · ~Ωχ
)−1
ω2cτ
2(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
, (80)
Λ
χ
y = −τe
2
c
EB
(
1 + ec ~B · ~Ωχ
)−1
ω2cτ
2Ω
χ
y + ωcτΩ
χ
x(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
+ χτ
∇T −µT e~E2vF p2
(
1 + ec ~B · ~Ωχ
)−1
ω2cτ
2(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
+ τ
∇T −µT ωcτ(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
. (81)
Substituting this correction back into the ansatz for f , and calculating κxx and/or κxy and summing over both chiralities, we find
that most terms either cancel from the summation over two Weyl nodes of opposite chirality or vanish due to the angular part
of the momentum integration. Keeping only lowest order in B, Eq. (69) is recovered, implying that the chiral anomaly does not
have a significant impact on the thermal transport for parallel electric and magnetic fields that are perpendicular to the thermal
gradient.
E. ~∇T = ∇T xˆ, ~B = Byˆ, ~E = Ezˆ
We now consider the case where all fields are perpendicular (see Fig. 2(c)) for completeness and to highlight the uniqueness
of the results in Sec. III A. In this case, the Boltzmann equation reads(
1 +
e
c
~B · ~Ωχ
)−1 {(
vx − eEΩχy
)
∇T ∂ f
χ
∂T
+
(
eE
∂ f χ
∂pz
+
e
c
vxB
∂ f χ
∂pz
− e
c
vzB
∂ f χ
∂px
)}
= − f
χ − feq
τ
. (82)
We assume a solution of the form
f χ = feq −
(
1 +
e
c
~B · ~Ωχ
)−1
τ
(
−eEvz + vx∇T  − µT − eEΩ
χ
y∇T  − µT
) (
−∂ feq
∂
)
+
(
−∂ feq
∂
)
~v · ~Λχ. (83)
Solving for Λ yields
Λ
χ
x = −τ
ωcτeE − ω
2
cτ
2∇T −µT
(
1 + ec ~B · ~Ωχ
)−1(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
 , (84)
Λ
χ
z = −τ
ωcτ∇T
−µ
T + ω
2
cτ
2eE
(
1 + ec ~B · ~Ωχ
)−1(
1 + ec ~B · ~Ωχ
)2
+ ω2cτ
2
 , (85)
and Λχy = 0. From there, we can calculate L12xx and L
22
xx for the two Weyl nodes. We find
L12xx = −2e
∫
d3p
(2pi)3
v2xτ
 − µ
T
(
−∂ feq
∂
) (
1 − ω2cτ2
)
, (86)
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L22xx = 2
∫
d3p
(2pi)3
v2xτ
( − µ)2
T
(
−∂ feq
∂
) (
1 − ω2cτ2
)
. (87)
Plugging this into Eq. 60, we find the longitudinal thermal conductivity for the two Weyl nodes to be
κxx(B) = 2κxx(B = 0)
(
1 − (ωcτ)2
)
. (88)
Turning to L12xy and L
22
xy , we find, from Eqs. (17) and (18),
L12xy = −
e
~
1
T
∫
d3p
(2pi)3
Ω
χ
z ( − µ) feq = 0, (89)
and
L22xy = −
e
~
1
T
∫
d3p
(2pi)3
Ω
χ
z ( − µ)2 feq = 0. (90)
A summary of the thermal conductivity results for all the
different field configurations are given in Table II.
IV. COMPARISONS TO THE KUBO FORMULA
We start with the standard expression for L22xx in imaginary
time,110 and closely follow Ref. [66]. For this section we use
natural units (~ = kB = 1). In terms of current correlation
functions, we have for a single Weyl node (note that in this
section τ is the imaginary time that appears in the Matsubara
formalism)
L22xx(ωn) =
β
ωn
∫ β
0
dτeiωnτ〈TτJq,x(τ)Jq,x(0)〉. (91)
We are interested in the case when the Fermi energy is at the
Weyl node, thus Jq,x = JE,x. The current, when µ = 0, is given
by
JE,x(q) = v2f
∑
k
kxδα,γc
†
k+ q2 ,α
ck− q2 ,γ. (92)
The current is in the same form as the free case because in-
teractions simply renormalize the Fermi velocity.70 Plugging
Eq. (92) into Eq. (91) with q → 0, applying Wicks theorem,
and keeping only connected diagrams, we arrive at
L22xx = β
v4f
ωn
∫ β
0
dτeiωnτ
∑
k
k2xδα,γδρ,θG(τ, k)α,θG(−τ, k)γ,ρ,
(93)
Switching to the helical basis and performing the trace, as
done in Ref. [66], we have
L22xx = 2β
v4f
ωn
∫ β
0
dτeiωnτ
∑
λ,λ′
∑
k
k2xGλ(τ, k)Gλ′ (−τ, k) (94)
Introducing the Fourier transform of the Green’s function
G(τ) =
∑
m
eiωmτG(iωm), (95)
and inserting Eq. (95) into Eq. (94) and performing the τ inte-
gral, we obtain
L22xx = 2β
v4f
ωn
∑
m
∑
λ,λ′
∑
k
k2xGλ(iωn + iωm, k)Gλ′ (iωm, k). (96)
After performing the standard Matsubara sum, using rota-
tional symmetry, and analytically continuing to real frequen-
cies, we take the limit as ω→ 0 and find
L22xx =
v4f
3
β
(pi)3
∫
d(−∂ f
∂
)I(), (97)
where the Green’s function is
Gλ(, k) =
1
 − λv f k − Σ , (98)
Σ is the self-energy, and
I() =
∑
λ,λ′
∫ Λ/v f
0
dkk4ImGλ(, k)ImGλ′ (, k). (99)
Here Λ ∝ T is a large momentum cut-off that needs to be
introduced since the integral is divergent as Λ → ∞. The
cutoff is proportional the the temperature since it is the only
energy scale in the problem. Taking the imaginary part of the
Green’s function, we find
ImGλ(, k) =
ImΣ
( − λv f k − ReΣ)2 + ImΣ2 . (100)
As stated before, the real part of the self energy simply renor-
malizes the Fermi velocity and ImΣ = α
2T
2 (See Section II C.
We have set A = 1 for simplicity). In the limit of large T , we
have
I() =
pi
2
4
α2T
. (101)
Plugging this into Eq. (97), we obtain
L22xx =
7pi2
90
T 2
α2v f
. (102)
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This is in exact agreement with the Boltzmann equation result
when A, kB, ~ are set to one.
We close this section by noting that when the Fermi energy
is at the Weyl node, the Kubo formula gives L12 = 0, in agree-
ment with the Boltzmann equation. Physically, this is due to
particle-hole symmetry.
V. CONCLUSIONS
In our work, we have analytically investigated the elec-
tronic contribution to the thermoelectric properties of Dirac
and Weyl semimetals via the Boltzmann equation. We con-
sidered the cases where transport is relaxed by disorder and
electron-electron interactions. We find an interesting depen-
dence of the thermoelectric coefficients on the Fermi energy
(i.e. doping away from the Dirac or Weyl point). Notably, in
the case of interactions we find that the longitudinal thermal
conductivity has an interesting quadratic temperature depen-
dence, in contrast to a linear dependence on the temperature
for scattering from charged impurities that dope the system or
short-range electrically neutral disorder. A linear temperature
dependence of the thermal conductivity is the expected result
for a “generic” metallic system (one without Weyl or Dirac
points). We stress that in our work we have ignored the con-
tribution from phonons to the thermal conductivity, which are
expected to dominate at high enough temperatures. The lat-
tice contributions are less generic than the electronic one, so
we leave their study to other work.
We have also considered the effect of electric and magnetic
fields on the thermoelectric coefficients. Notably, when the
magnetic field and temperature gradient are parallel we find
a large positive contribution to the longitudinal thermal con-
ductivity that is quadratic in magnetic field strength, similar
to the magnetic field dependence of the longitudinal electrical
conductivity due to the presence of the chiral anomaly when
there is no thermal gradient present, and there is a vanishing
transverse thermal Hall conductivity. When the magnetic field
is perpendicular to the temperature gradient, we find that the
thermal conductivity is linear in magnetic field strength, and
the longitudinal thermal conductivity picks up a negative con-
tribution that goes as the square of the magnetic field. The
presence of electric fields does not change these results under
the assumption of no inter-node scattering. We also calculated
the thermal conductivity via the Kubo formula for the case
of interactions and find exact agreement with our Boltzmann
equation results at high temperatures. Taken together, our the-
oretical results provide some concrete experimental tests that
can be usefully applied in the search for three-dimensional
systems with a linear electron dispersion. Our main results
are summarized in Table I and Table II of the main text.
We note that it would be interesting to study the effect
of system size and the contribution from Fermi arcs, as re-
cently edge states and tuning the system sizes have been
shown to improve thermoelectric performance in topological
insulators.111 It would also be worthwhile to investigate the
effects of relaxation via a slow imbalance of carriers as was
done in graphene.112 We hope our paper motivates the exper-
imental study of the thermoelectric properties of Dirac and
Weyl semimetals, as well as further theoretical work on the
subject.
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Appendix A: Self-energy for a Disordered Weyl Metal in the
Self-consistent Born Approximation
Ref. [102] calculated the self-energy for the case of a
slowly varying background disorder potential using the self-
consistent Born approximation, finding
Σ
(
,~k
)
= C ( − Σ)
[
−vΛ ∓ i ( − Σ) pi
2
]
+ O
(

Λ
)
, (A1)
where C = γ2pi2(~v f )3 , and Λ is a momentum cutoff. We now
solve the quadratic equation for the self energy for   Λ and
Cv fΛ < 1. Series expanding the imaginary part of the self
energy in terms of quasiparticle energy yields (to lowest order
in disorder strength, γ)
ImΣ =
pi
2
C2
[
1 − 5pi
2
4
C22
]
+ O
(
6
)
, (A2)
where we have picked the root with no term in the imaginary
part constant in , since that would correspond to a finite life-
time when all energy scales are set to zero. The second order
correction to the imaginary part of the self energy was not con-
sidered by Ref. [102] and BHB, and is crucial in obtaining a
non-zero thermopower when the Fermi energy lies away from
the Weyl node. The scattering time is then
τ =
3
2
1
2ImΣ
≈ 3
2
1
2piγg()
1 + 516pi2 γ2~6v6f 2
 . (A3)
Appendix B: An Expression for Energy Current
In this section, we derive an expression for the energy cur-
rent for free particles. We begin with the continuity equation
(in real space)
∂h(~x)
∂t
+ ~∇ · ~JE(~x) = 0. (B1)
For simplicity, we take h(~x) to be a simple hopping model with
translational invariance, given by
h(~x) =
∑
~y
h~x−~y
(
c†
~xc~y + c
†
~yc~x
)
. (B2)
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The full Hamiltonian of the system is
H =
∑
~x
h(~x). (B3)
Taking the Fourier transform of h(~x), we have
h(~x) =
∑
~k,~q
hk
(
c†
~k−~qc~k + c
†
~k
c
~k+~q
)
ei~q·~x. (B4)
The current conservation equation (in momentum space) then
becomes
∂h(~q)
∂t
− i~q · ~JE = 0. (B5)
We then use the Heisenberg equation of motion,
∂h(~q)
∂t
= −i[h(~q),H], (B6)
to solve for JE . After some algebra and allowing for spin in-
dices, we find
~JE(~q) =
1
2
∑
k
(
∂Hαβ
∂~k
Hβγ + Hαβ
∂Hβγ
∂~k
)
c†
~k+~q2 ,α
c
~k−~q2 ,γ
. (B7)
Using the Hamiltonian in the main text (Hα,β = ~v f ~σα,β · ~k −
µδα,β), we have
1
2
(
∂Hαβ
∂kx
Hβγ + Hαβ
∂Hβγ
∂kx
)
=
~2v2f kxδα,γ −
~v fµ
2
(
σxα,βδβ,γ − δα,βσxβ,γ
)
(B8)
so finally
JE,x(~q) =
∑
k
(~2v2f kxδα,γ−
~v fµ
2
(
σxα,βδβ,γ − δα,βσxβ,γ
))
c†
~k+~q2 ,α
c
~k−~q2 ,γ
. (B9)
This is the expression we need to calculate the current-current
correlation function which determines the thermal conductiv-
ity.
∗ rexlund@physics.utexas.edu
1 B. A. Bernevig and S.-C. Zhang, Phys. Rev. Lett. 96, 106802
(2006).
2 S. Murakami, New Journal of Physics 9, 356 (2007),
arXiv:0710.0930.
3 X. Wan, A. M. Turner, A. Vishwanath, and S. Y. Savrasov, Phys.
Rev. B 83, 205101 (2011).
4 G. Volovik, The Universe in a Helium Droplet (Clarendon Press,
Oxford, 2003).
5 H. B. Nielsen and M. Ninomiya, Phys. Lett. B 130, 389 (1983).
6 S. M. Young, S. Zaheer, J. C. Y. Teo, C. L. Kane, E. J. Mele, and
A. M. Rappe, Phys. Rev. Lett. 108, 140405 (2012).
7 S. L. Adler, Phys. Rev. 177, 2426 (1969).
8 J. S. Bell and R. Jackiw, Nuovo Cimento A Serie 60, 47 (1969).
9 K. Fukushima, D. E. Kharzeev, and H. J. Warringa, Phys. Rev.
D 78, 074033 (2008).
10 D. E. Kharzeev, Progress in Particle and Nuclear Physics 75, 133
(2014), arXiv:1312.3348 [hep-ph].
11 P. Hosur, Phys. Rev. B 86, 195102 (2012).
12 R. Okugawa and S. Murakami, Phys. Rev. B 89, 235315 (2014).
13 F. D. M. Haldane, ArXiv e-prints (2014), arXiv:1401.0529
[cond-mat.str-el].
14 A. C. Potter, I. Kimchi, and A. Vishwanath, ArXiv e-prints
(2014), arXiv:1402.6342 [cond-mat.mes-hall].
15 K.-I. Imura and Y. Takane, Phys. Rev. B 84, 245415 (2011).
16 B. Lu, K. Yada, M. Sato, and Y. Tanaka, ArXiv e-prints (2014),
arXiv:1406.3804 [cond-mat.supr-con].
17 P. E. C. Ashby and J. P. Carbotte, Phys. Rev. B 87, 245131 (2013).
18 T. Timusk, J. P. Carbotte, C. C. Homes, D. N. Basov, and S. G.
Sharapov, Phys. Rev. B 87, 235121 (2013).
19 P. Hosur and X.-L. Qi, ArXiv e-prints (2014), arXiv:1401.2762
[cond-mat.str-el].
20 P. E. C. Ashby and J. P. Carbotte, Phys. Rev. B 89, 245121 (2014).
21 P. Goswami, G. Sharma, and S. Tewari, ArXiv e-prints (2014),
arXiv:1404.2927 [cond-mat.str-el].
22 I. Panfilov, A. A. Burkov, and D. A. Pesin, Phys. Rev. B 89,
245103 (2014).
23 M. M. Vazifeh and M. Franz, Phys. Rev. Lett. 111, 027201
(2013).
24 S. A. Parameswaran, T. Grover, D. A. Abanin, D. A. Pesin, and
A. Vishwanath, Phys. Rev. X 4, 031035 (2014).
25 D. E. Kharzeev and H.-U. Yee, Phys. Rev. B 88, 115119 (2013).
26 A. M. Turner and A. Vishwanath, ArXiv e-prints (2013),
arXiv:1301.0330 [cond-mat.str-el].
27 P. Hosur and X. Qi, Comptes Rendus Physique 14, 857 (2013),
arXiv:1309.4464 [cond-mat.str-el].
28 Z. K. Liu, B. Zhou, Y. Zhang, Z. J. Wang, H. M. Weng,
D. Prabhakaran, S.-K. Mo, Z. X. Shen, Z. Fang, X. Dai,
Z. Hussain, and Y. L. Chen, Science 343, 864 (2014),
http://www.sciencemag.org/content/343/6173/864.full.pdf.
29 S.-Y. Xu, C. Liu, S. K. Kushwaha, T.-R. Chang, J. W.
Krizan, R. Sankar, C. M. Polley, J. Adell, T. Balasubramanian,
K. Miyamoto, N. Alidoust, G. Bian, M. Neupane, I. Belopol-
ski, H.-T. Jeng, C.-Y. Huang, W.-F. Tsai, H. Lin, F. C. Chou,
T. Okuda, A. Bansil, R. J. Cava, and M. Z. Hasan, ArXiv e-prints
(2013), arXiv:1312.7624 [cond-mat.mes-hall].
30 M. Neupane, S.-Y. Xu, R. Sankar, N. Alidoust, G. Bian, C. Liu,
I. Belopolski, T.-R. Chang, H.-T. Jeng, H. Lin, A. Bansil,
F. Chou, and M. Z. Hasan, Nature Communications 5, 3786
(2014), 10.1038/ncomms4786.
31 S. Borisenko, Q. Gibson, D. Evtushinsky, V. Zabolotnyy,
B. Bu¨chner, and R. J. Cava, Phys. Rev. Lett. 113, 027603 (2014).
32 S. Jeon, B. B. Zhou, A. Gyenis, B. E. Feldman, I. Kimchi, A. C.
Potter, Q. D. Gibson, R. J. Cava, A. Vishwanath, and A. Yazdani,
Nature Materials 13, 851 (2014).
16
33 L. P. He, X. C. Hong, J. K. Dong, J. Pan, Z. Zhang, J. Zhang, and
S. Y. Li, ArXiv e-prints (2014), arXiv:1404.2557 [cond-mat.str-
el].
34 Z. Wang, Y. Sun, X.-Q. Chen, C. Franchini, G. Xu, H. Weng,
X. Dai, and Z. Fang, Phys. Rev. B 85, 195320 (2012).
35 S.-Y. Xu, Y. Xia, L. A. Wray, S. Jia, F. Meier, J. H.
Dil, J. Osterwalder, B. Slomski, A. Bansil, H. Lin, R. J.
Cava, and M. Z. Hasan, Science 332, 560 (2011),
http://www.sciencemag.org/content/332/6029/560.full.pdf.
36 M. Brahlek, N. Bansal, N. Koirala, S.-Y. Xu, M. Neupane, C. Liu,
M. Z. Hasan, and S. Oh, Phys. Rev. Lett. 109, 186403 (2012).
37 E. V. Gorbar, V. A. Miransky, and I. A. Shovkovy, Phys. Rev. B
88, 165105 (2013).
38 G. B. Hala´sz and L. Balents, Phys. Rev. B 85, 035103 (2012).
39 A. A. Zyuzin, S. Wu, and A. A. Burkov, Phys. Rev. B 85, 165110
(2012).
40 K.-Y. Yang, Y.-M. Lu, and Y. Ran, Phys. Rev. B 84, 075129
(2011).
41 W. Witczak-Krempa, A. Go, and Y. B. Kim, Phys. Rev. B 87,
155101 (2013).
42 W. Witczak-Krempa and Y. B. Kim, Phys. Rev. B 85, 045124
(2012).
43 W. Witczak-Krempa, G. Chen, Y. B. Kim, and L. Balents,
Annual Review of Condensed Matter Physics 5, 57 (2014),
http://dx.doi.org/10.1146/annurev-conmatphys-020911-125138.
44 A. A. Burkov and L. Balents, Phys. Rev. Lett. 107, 127205
(2011).
45 G. Xu, H. Weng, Z. Wang, X. Dai, and Z. Fang, Phys. Rev. Lett.
107, 186806 (2011).
46 D. Bulmash, C.-X. Liu, and X.-L. Qi, Phys. Rev. B 89, 081106
(2014).
47 L. Lu, L. Fu, J. D. Joannopoulos, and M. Soljacˇic´, Nature Pho-
tonics 7, 294 (2013), arXiv:1207.0478 [cond-mat.mes-hall].
48 T. Das, Phys. Rev. B 88, 035444 (2013).
49 S. Ganeshan and S. Das Sarma, ArXiv e-prints (2014),
arXiv:1405.4866 [cond-mat.mes-hall].
50 Y. Xu, R.-L. Chu, and C. Zhang, Phys. Rev. Lett. 112, 136402
(2014).
51 H. Wei, S.-P. Chao, and V. Aji, Phys. Rev. B 89, 235109 (2014).
52 G. Y. Cho, J. H. Bardarson, Y.-M. Lu, and J. E. Moore, Phys.
Rev. B 86, 214514 (2012).
53 P. Hosur, X. Dai, Z. Fang, and X.-L. Qi, Phys. Rev. B 90, 045130
(2014).
54 J. Maciejko and R. Nandkishore, Phys. Rev. B 90, 035126 (2014).
55 Z. Wang and S.-C. Zhang, Phys. Rev. B 87, 161107 (2013).
56 B. Roy and J. D. Sau, ArXiv e-prints (2014), arXiv:1406.4501
[cond-mat.mes-hall].
57 A. A. Burkov, M. D. Hook, and L. Balents, Phys. Rev. B 84,
235126 (2011).
58 T. Meng and L. Balents, Phys. Rev. B 86, 054504 (2012).
59 P. Goswami and L. Balicas, ArXiv e-prints (2013),
arXiv:1312.3632 [cond-mat.supr-con].
60 S. A. Yang, H. Pan, and F. Zhang, Phys. Rev. Lett. 113, 046401
(2014).
61 T. Morimoto and A. Furusaki, Phys. Rev. B 89, 235127 (2014).
62 Z. Wang, ArXiv e-prints (2014), arXiv:1405.0842 [cond-mat.str-
el].
63 W. Witczak-Krempa, M. Knap, and D. Abanin, Phys. Rev. Lett.
113, 136402 (2014).
64 E. Fradkin, Phys. Rev. B 33, 3257 (1986).
65 E. Fradkin, Phys. Rev. B 33, 3263 (1986).
66 P. Hosur, S. A. Parameswaran, and A. Vishwanath, Phys. Rev.
Lett. 108, 046602 (2012).
67 V. Aji, Phys. Rev. B 85, 241101 (2012).
68 R. Loganayagam and P. Suro´wka, Journal of High Energy
Physics 4, 97 (2012), arXiv:1201.2812 [hep-th].
69 Y. Ominato and M. Koshino, Phys. Rev. B 89, 054202 (2014).
70 B. Rosenstein and M. Lewkowicz, Phys. Rev. B 88, 045108
(2013).
71 Y.-S. Jho and K.-S. Kim, Phys. Rev. B 87, 205133 (2013).
72 Z. Huang, T. Das, A. V. Balatsky, and D. P. Arovas, Phys. Rev.
B 87, 155123 (2013).
73 E. V. Gorbar, V. A. Miransky, and I. A. Shovkovy, Phys. Rev. B
89, 085126 (2014).
74 Z. Huang, D. P. Arovas, and A. V. Balatsky, New Journal of
Physics 15, 123019 (2013).
75 A. A. Burkov, Phys. Rev. B 89, 155104 (2014).
76 B. Sbierski, G. Pohl, E. J. Bergholtz, and P. W. Brouwer, Phys.
Rev. Lett. 113, 026602 (2014).
77 K. Landsteiner, Phys. Rev. B 89, 075124 (2014).
78 S. V. Syzranov, L. Radzihovsky, and V. Gurarie, ArXiv e-prints
(2014), arXiv:1402.3737 [cond-mat.mes-hall].
79 R. Nandkishore, D. A. Huse, and S. L. Sondhi, Phys. Rev. B 89,
245110 (2014).
80 K. Kobayashi, T. Ohtsuki, K.-I. Imura, and I. F. Herbut, Phys.
Rev. Lett. 112, 016402 (2014).
81 H.-J. Kim, K.-S. Kim, J.-F. Wang, M. Sasaki, N. Satoh,
A. Ohnishi, M. Kitaura, M. Yang, and L. Li, Phys. Rev. Lett.
111, 246603 (2013).
82 D. T. Son and B. Z. Spivak, Phys. Rev. B 88, 104412 (2013).
83 N. M. R. Peres, J. M. B. Lopes dos Santos, and T. Stauber, Phys.
Rev. B 76, 073412 (2007).
84 N. Ashcroft and N. Mermin, Solid State Physics (Sauners Col-
lege, Philadelphia, 1976).
85 D. Yanagishima and Y. Maeno, Journal of the Physical Society of
Japan 70, 2880 (2001), http://dx.doi.org/10.1143/JPSJ.70.2880.
86 H. Fukazawa and Y. Maeno, Journal of the Physical Society of
Japan 71, 2578 (2002), http://dx.doi.org/10.1143/JPSJ.71.2578.
87 I. Garate, Phys. Rev. Lett. 110, 046402 (2013).
88 D. Xiao, Y. Yao, Z. Fang, and Q. Niu, Phys. Rev. Lett. 97,
026603 (2006).
89 T. Qin, Q. Niu, and J. Shi, Phys. Rev. Lett. 107, 236601 (2011).
90 F. D. M. Haldane, Phys. Rev. Lett. 93, 206602 (2004).
91 J. M. Luttinger, Phys. Rev. 135, A1505 (1964).
92 T. Ojanen, Phys. Rev. B 87, 245112 (2013).
93 P. Goswami and S. Tewari, Phys. Rev. B 88, 245107 (2013).
94 A. A. Burkov, ArXiv e-prints (2014), arXiv:1406.3033 [cond-
mat.mes-hall].
95 L. Dolan and R. Jackiw, Phys. Rev. D 9, 3320 (1974).
96 A. GMEZ NICOLA and R. F. ALVAREZ-ESTRADA, Interna-
tional Journal of Modern Physics A 09, 1423 (1994).
97 M. Lv and S.-C. Zhang, International Journal of Modern Physics
B 27, 1350177 (2013).
98 S. Das Sarma, S. Adam, E. H. Hwang, and E. Rossi, Rev. Mod.
Phys. 83, 407 (2011).
99 A. A. Abrikosov and S. D. Beneslavskii, Sov. Phys. JETP 32, 699
(1971).
100 K. C. Fong, E. E. Wollman, H. Ravi, W. Chen, A. A. Clerk, M. D.
Shaw, H. G. Leduc, and K. C. Schwab, Phys. Rev. X 3, 041008
(2013).
101 C. Castellani, C. DiCastro, G. Kotliar, P. A. Lee, and G. Strinati,
Phys. Rev. Lett. 59, 477 (1987).
102 R. R. Biswas and S. Ryu, Phys. Rev. B 89, 014205 (2014).
103 D. Xiao, M.-C. Chang, and Q. Niu, Rev. Mod. Phys. 82, 1959
(2010).
104 D. T. Son and N. Yamamoto, Phys. Rev. D 87, 085016 (2013).
105 J.-W. Chen, S. Pu, Q. Wang, and X.-N. Wang, Phys. Rev. Lett.
110, 262301 (2013).
17
106 D. T. Son and N. Yamamoto, Phys. Rev. Lett. 109, 181602
(2012).
107 S.-C. Zhang and J. Hu, Science 294, 823 (2001), cond-
mat/0110572.
108 A. A. Zyuzin and A. A. Burkov, Phys. Rev. B 86, 115133 (2012).
109 K.-S. Kim, H.-J. Kim, and M. Sasaki, Phys. Rev. B 89, 195137
(2014).
110 G. Mahan, Many-Particle Physics, Physics of Solids and Liquids
(Springer).
111 Y. Xu, Z. Gan, and S.-C. Zhang, Phys. Rev. Lett. 112, 226801
(2014).
112 M. S. Foster and I. L. Aleiner, Phys. Rev. B 79, 085415 (2009).
